We analyse abelian T -duality for WZW models of simply-connected groups. We demonstrate that the dual theory is a certain orbifold of the original theory, and check that it is conformally invariant. We determine the spectrum of the dual theory, and show that it agrees with the spectrum of the original theory.
Introduction
Recently there has been a renewed interest in duality transformations in field theory and string theory [19, 21, 18] . These transformations relate the strong coupling region of one theory to the weak coupling regime of another theory, the dual theory. The former is typically not accessible by perturbation theory, whereas the latter might well be. Duality therefore seems to provide a very promising tool for the non-perturbative analysis of field theories and string theories. The archetypal prototype of this transformation in string theory, is what is now usually referred to as T -duality. This is the transformation which exchanges the winding and momentum modes of a free boson whose target space is a circle. The transformation also maps the radius R of the circle to its inverse, and thus relates phenomena at large and small scales. In this paper we want to study a slightly more complicated variation of this transformation in detail, a chiral abelian duality transformation of a WZW model. In this context the rôle of the target space circle is played by the Cartan torus of a simple group. This torus is embedded in the group in a rather non-trivial fashion, and, as a consequence, the analysis of the duality transformation is much more involved. On the other hand, these models are still sufficiently simple to allow a detailed analysis. In particular, both the original and the dual theory possess infinite dimensional symmetry algebras, and the theories are therefore essentially determined by the representation theory of these algebras. For example, it is rather easy to see directly that the dual theory is conformally invariant, and the calculation of the spectrum is a fairly tractable algebraic problem. In the archetypal situation, it was clear how to define the duality transformation from the structure of the spectrum of the theory. In the situation at hand, this is not the case, and we therefore follow the procedure of Buscher [5, 17] to derive an action for the dual theory from the classical action. We then quantise this action, following Witten [20] . It turns out that the dual theory has two commuting infinite dimensional symmetry algebras, a (right-moving) untwisted Kac-Moody algebra, and a (left-moving) twisted Kac-Moody algebra, whose (inner) twists we determine. As the twist is inner, the twisted algebra is isomorphic to the untwisted algebra. The classical action has typically more than one quantisation [11] , and we want to analyse whether there is one such quantisation for which the spectrum of the dual theory reproduces the original spectrum. This is a rather non-trivial problem, as the spectrum of a twisted algebra typically differs from the spectrum of the corresponding untwisted algebra, even if they are related by inner twists and thus isomorphic as algebras. In the case at hand, however, due to the rather special form of the twists, such a quantisation may be found. The resulting dual theory (which is then equivalent to the original theory) can be naturally interpreted as an orbifold of the original theory. It should be mentioned that these models have already been considered in [15, 1] (for a review see also [4] ), where, however, the structure of the dual theory was not analysed in detail. Furthermore, in [15] the global structure of the (target space) group was not properly taken into account, and as a consequence, the duality transformation was misidentified with a Weyl transformation (see also [3] ).
The paper is organised as follows. In section 2, we derive the action for the dual theory, paying particular attention to the global properties of the target space group. We then quantise this action in section 3, and determine the twist of the left-moving KM algebra. In section 4, we construct the quantisation for which the spectrum is preserved, and section 5 contains some concluding remarks.
The duality transformation
Let us consider the WZW action [20, 8, 6 ]
where g : M → G, M is a closed two-dimensional manifold, and B is a three-dimensional manifold with boundary M. The trace is the Killing form on the algebra g of the Lie group G, normalised so that the long roots have length square equal to 2. We shall only consider the case where G is simply connected; then the quantisation condition on k is that it is an integer. We want to parametrise g 0 as
where the sum extends from α = 1 to n, and the e α are a basis for a (n-dimensional) subalgebra of a Cartan subalgebra. Here n ≤ r, the rank of the Lie group G, the θ α are allowed to vary independently, and g lies in some coset of G. We could also consider the case, where the Cartan torus is multiplied from the right, and this would lead to a completely analogous discussion. The manifold M need not be simply-connected and can in fact be of any genus. Here we shall mainly consider the case where M is a torus, as this is sufficient for the determination of the spectrum. Typically, the fields θ α have then non-trivial winding, and we denote by ∆ c θ α the monodromy of θ α along the cycle c, where c = a or c = b, the two non-trivial cycles of the torus. The consistency condition is then 1 2π
where R * is the coroot lattice of the Lie algebra. (If G were not simply-connected, the lefthand side of (2.3) would only have to be in the coweight lattice.) As the θ α are independent variables, this should imply that for each θ α there exists a minimal monodromy
is a generating element of the coroot lattice (i.e. no shorter multiple of it is in the coroot lattice), and all other monodromies are integer multiples of the minimal one. To simplify notation, we shall thus assume that the e α are roots of the Lie algebra g. Then (2.4) is equivalent to
We want to use the Polyakov-Wiegmann property (PW) [16] 6) to rewrite the action as
where d αβ = T r(e α e β ) , and
It should be noted that this simple form of the (PW) property only holds if M is simplyconnected 2 ; in general it has to be modified by the inclusion of a topological term involving g 1 and g 2 [8, Appendix 2, eq. (10)]. For example, we can calculate the action for g 1 g 2 , where g j = exp(iθ j e j ) is in the Cartan torus, in two different ways, directly from the action, and using the (PW) formula
The difference is a topological term which vanishes for simply-connected world-sheets. If the world-sheet has the topology of a torus, however, we can integrate by parts to obtain
(2.9) (2.4) now implies that this is in πkZ, as the Killing form of two elements in the coroot lattice is integral, but it is not always in 2πZ. On the other hand, it should be clear that a topological term involving e iθ α eα and g will not affect the following argument. (Such a term will only restrict the allowed monodromies for g -cf. the discussion after (2.21).) Originally, the duality transformation was formulated in terms of gauging the action and fixing the gauge by introducing Lagrange multipliers. Upon integrating out the Lagrange multipliers, the gauge fields are restricted to be flat, and we can choose the monodromies of the Lagrange multipliers, so that the monodromies of the gauge fields lie in a lattice. For compact gauge groups we can thus guarantee that the gauge fields are trivial, and the original action can be recovered. On the other hand, integrating out the gauge fields leads to a new action in which the Lagrange multipliers take the rôle of the fields whose symmetry was gauged [5, 1, 17] . It was realised recently [3] that the duality transformation can also (formally) be obtained as a certain canonical transformation. In this approach, it is not necessary to gauge the action, but the transformation with respect to θ 1 , say, is simply the transformation
where λ is an arbitrary constant which parametrises the freedom to rescale ψ 1 . To calculate this transformation, we first rewrite the action as
We then add the generating functional for the canonical transformation and complete the square to obtain
where a summation over α and β from 2 to n is implicit. We shift the variable of integration θ 1 , without incurring a Jacobian factor, to obtain a purely quadratic term in θ 1 . Upon integration this gives only a constant, and the dual action is therefore
It is believed that the dual theory is conformally invariant, provided that the dilaton is suitably transformed [5] . For the example we are considering here, we shall also see this more explicitly later. If we integrate (2.10) by parts, only the boundary term contributes which is, on the torus, of the form
In the path integral we integrate over all θ 1 satisfying (2.4) for α = 1. The group G is simply-connected, and the different components in the integral, parametrised by the different (allowed) values for ∆ c θ 1 , should therefore all give the same contribution. As only exp(iS) is relevant in the path integral, this implies that the dual action is only non-zero for
Before we start interpreting this dual theory, let us note that the duality transformation can be reversed by the inverse transformation
Indeed, completing the square in the sum of the dual action and the generating functional for the second transformation, we find
which equals the original action. Furthermore, we also have 17) and thus the periodicity ofθ 1 is the same as that of θ 1 , because of (2.15).
The term in the second line of (2.13) is topological and vanishes on world-sheets with trivial topology. Apart from this term we can identify the dual action (2.13) with the original action (2.7). Indeed, if we choose (without loss of generality) λ = d 11 , and parametrise the group as then the two actions coincide. However, the minimal monodromy of the field ψ 1 (for this choice of λ)
is in general different from the minimal monodromy of θ 1 before (2.5). (The monodromy is only the same if θ 1 is a long root, and k = 1 3 .) In general, the dual action therefore does not simply correspond to a redefinition of the original fields (or a Weyl transformation as advocated by Kiritsis [15] ), but rather to a certain non-trivial orbifold [7] . The above topological term guarantees that the monodromy of the other fields is in the coroot lattice up to integral multiples of (2.
As we calculate the partition function of the theory, i.e. the path-integral of exp(iS ♮ ) over the torus, we have to sum over all n a , n b ∈ Z. Then (2.21) will imply that only those states contribute, whose monodromy ∆ c θ αê α satisfies the above condition. This then means that the dual action describes the orbifold of the original theory which is induced by the subgroup generated by
We should also mention that the precise from for the redefinition of the fields (2.19) is a matter of choice: we can integrate the original action (2.11) by parts to rewrite it as
where m α ∈ Z and we have ignored the topological terms. We can then do the same analysis as before and find that, apart from the new monodromy property (2.20) for the field ψ 1 and some topological terms, the dual action agrees with the original action, where we have parametrised e α := e α − (1 + m α )T r(e 1 e α ) T r(e 1 e 1 ) e 1 for α ≥ 2,ê 1 := e 1 .
(2.24)
Again, this indicates that the characteristic feature of the duality transformation is the modification of the monodromy properties, rather than a redefinition of the fields. 3 In this case there exists a free field construction for which e 1 is represented by a free boson [10, 13] . At least in the case of g = su(2), this free field theory is self-dual with respect to the ordinary duality transformation of a free boson on a circle [12] . 4 This is automatically true if k is a multiple of d 11 , as ∆ c θ αê α is always in the coroot lattice up to k/d 11 ∆ m ψ 1 e 1 .
Quantisation of the dual action
Let us now turn to a more detailed analysis of the dual action (2.13). To simplify notation, let us introduce the fields
and denoted
α ) . The dual action is then, apart from the topological term which does not matter for the following discussion,
We now calculate the variation of the action with respect to a variation of φ α and g, and find If we also defineJ = g −1 i∂φ 7) and thus ∂J = 0 is equivalent to (3.4) . It is then clear that the two currents J (z) andJ (z) only depend on one of the two variables. In terms of g 0 they are simply given as
where g 0 = e iφ αê α g .
Following Witten [20] , we want to calculate the Poisson brackets of these currents. It is clear that the Poisson bracket of J withJ vanishes, and that the calculation for J andJ is essentially identical. Let us introduce 9) and likewiseJ
We then find δJ a = T r g 11) and derive, as in [20] , the Poisson brackets 12) and similarly for the bared currents. If we define now 14) then these currents satisfy the Poisson bracket relations, δ ab . Next we want to expand the currents in modes, and in order to be able to do so, we have to analyse their monodromy. We can use the fact that the currents can be written in terms of g 0 as in (3.8) , and that the monodromy of g 0 is g 0 → h p g 0 , where
and p is an integer. It is then easy to see that the monodromy ofJ a (z) is trivial for each p, as For the following it is useful to write this algebra in a different basis, the modified Cartan-Weyl basis [14] . In this basis the algebra is generated byH i m , i = 1, . . . r, m ∈ Z, where r is the rank of g, andĒ α n , n ∈ Z, where α parametrises the roots. The commutation relations are given as (see for example [14] )
Let us now turn to the mode expansion of the other current. Using the same reasoning as above, we see that the monodromy of J (z) is given by
If we write the various components of J a (z) in the modified Cartan-Weyl basis of the Lie algebra (corresponding to the above basis of the KM algebra), the adjoint action of h p is diagonal. For each sector described by the monodromy h p , we can then expand the currents
where ζ = exp(2πiz), χ p = η p e 1 , and, to follow more conventional notation, ·, · denotes the Killing form. Upon quantisation, these modes satisfy formally the same commutation relations as (3.21), but the indices m are not all integral. This algebra is called the twisted KM algebra; the twist is inner and is given by (3.17).
We thus find that the dual model has various sectors which are parametrised by the monodromy of the field φ 1 . In each sector, the theory has two commuting infinite-dimensional symmetry algebras: the untwisted (right-moving) KM algebraJ a n and the twisted (left-moving) KM algebra
It is then clear, that the space of states is of the form
where p denotes the different sectors, and each
where H and H (p) are the direct sums of all (irreducible) representations of the untwisted and the twisted KM algebra (with the twist corresponding to h p ), respectively. In general, we expect there to be different quantisations, which correspond to different (consistent) choices for the spaces H ♮ p , cf. [11] . However, as we shall show in the next section, there exists one quantisation for which the spectrum of the dual theory coincides with the original one, and this suggests that this theory is indeed equivalent to the original theory.
Representations of the twisted Kac-Moody algebra
We now want to analyse the representation theory of the twisted KM algebra. The crucial property which will allow us to do this rather easily is the fact that the above twisted KM algebra is isomorphic to the untwisted algebra. This isomorphism is explicitly known, and can be defined as [14] . It is also clear, that the inverse exists, and that it is given by
In particular, this implies that the representations of the twisted and the untwisted KM algebra are in one-to-one correspondence. We shall therefore denote the states in the corresponding representation spaces by the same symbol. The untwisted KM algebra contains a Virasoro algebra
in its universal enveloping algebra by virtue of the Sugawara construction, where the generators of the Virasoro algebra are given as
Here Q ψ is the quadratic Casimir in the adjoint representation, : · : denotes the usual normal ordering (see e.g. [14] ), and
These generators are the modes of the stress-energy tensor, as
Using the above isomorphism, it is then clear that the ϕ(L n ) satisfy a Virasoro algebra with the same central charge, but that they are not quite the mode expansion of the stress-energy tensor as
However, it is easy to see how to modify this by defining (c.f. for example [9] )
Then the L (p) m define a Virasoro algebra with the same central charge as before, and
In particular, this implies that the dual theory is a conformal field theory, as the theory contains a conformal stress-energy tensor.
We now want to analyse whether there exists a subspace H ♮ p for each sector (labelled by p), so that the spectrum of the dual theory is the same as the original one. We observe that if we consider in the p-th sector only states which satisfy
This is not yet a complete solution, as we should restrict p to lie in 0, 1, . . . , 2k e 1 ,e 1 − 1, since the monodromy h p corresponding to p and p + 2k e 1 ,e 1 is the same. (The coroot 2e 1 / e 1 , e 1 is mapped to the unit element of the group under the exponential map.) On the other hand, in the spirit of orbifold constructions [7] , we should expect that the states in each sector are characterised by their transformation property under the group of monodromies {h p }. We should therefore consider in the p-th sector all states which satisfy
where m ∈ Z. Then we find that
and
To see that the spectrum of L 0 is really the same, let us now recall that the affine Weyl group contains the subgroup of coroot translations, which act on the generators as [14] This is precisely the right-hand-side of (4.15). We can thus define H ♮ p to be the span
(e 1 · I 0 ) µ = p + 2km e 1 , e 1 µ; m ∈ Z, i ∈ R(ĝ) , (4.20) where R(ĝ) is the set of irreducible highest weight representations of the KM algebraĝ, and µ is to be regarded as an element of the twisted representation space by virtue of the isomorphism (4.1). This gives rise to the consistent theory We have analysed the (left-)chiral abelian duality transformation of a WZW model corresponding to a simple, simply-connected group. We have shown that the dual theory possesses two infinite dimensional symmetry algebras, a (right-moving) untwisted, and a (left-moving) twisted KM algebra. We have analysed the spectrum of this theory, and have shown that there exists a quantisation for which the spectrum of the original theory is recovered. This dual theory can naturally be interpreted as an orbifold [7] of the original model induced by the twists (3.17). It would be interesting to do a similar analysis for various, more general cases: (i) the case, where the field θ 1 with respect to which the transformation is performed is not purely left (or right) moving, and (ii) the case, where the fields θ i span an arbitrary, not necessarily abelian subgroup of the target space group. (This latter case is usually referred to as non-abelian duality [2] .) It would also be interesting to understand which modifications arise if the target space group is not simply-connected.
